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An important aspect of aeroservoelasticity is the analysis of interactions between rigid, elastic, and control modes.
The stability and control derivatives were determined for a high number (90) of flight test conditions expressed in
terms of Mach number, altitudes, and angles of attack. In this paper, the rigid and control mode aerodynamic forces
for an F/A-18 aircraft are calculated and validated by two methods (numerical and analytical). The results obtained
here were found to be identical for all flight test conditions.

Nomenclature
b = wing span
Cp = drag coefficient
C, = roll moment coefficient
CrLig = lift coefficient
Cy = pitch moment coefficient
Cy = yaw moment coefficient
Cy = side force coefficient
c = airfoil chord
H = altitude
H,, = angular moment on the x, axis
H,, = angular moment on the y, axis
H, = angular moment on the z, axis

linear moment along the x, axis
linear moment along the y, axis
mass

linear moment along the z,, axis
roll angular speed

pitch angular speed

dynamic pressure

yaw angular surface speed
wing surface

linear speed on the x,, aircraft system of coordinates
axis

TuvseszIEo
=

% = true airspeed
v = linear speed on the y, aircraft system of coordinates
axis
w = linear speed on the z, aircraft system of coordinates
o = angle of attack
B = sideslip angle
8i,, = aileron angle for lateral motion
latyr = horizontal tail angle for lateral motion
. = leading-edge flaps for lateral motion
e =  trailing-edge flaps for lateral motion
gy, = Tudder angle for lateral motion
longa, = aileron angle for longitudinal motion

horizontal tail angle for longitudinal motion
leading-edge flaps for longitudinal motion
trailing-edge flaps for longitudinal motion
rudder angle for longitudinal motion

pitch angle

longyr
long; pr
longrgr

longrup
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I. Introduction

EROSERVOELASTICITY studies are very important in the

aircraft industry. Following an extensive bibliographic
research in the field, we were not able to find a well-documented
formulation for rigid and control mode aerodynamic forces for
aeroservoelasticity; therefore, we formulated and validated a novel
method in this paper. Our new formulation will calculate and validate
the aerodynamic rigid and control modes forces on an F/A-18 aircraft
by use of flight dynamics rigid body theory instead of by using the
doublet lattice method (subsonic regime) and the constant pressure
method (supersonic regime) employed in finite element codes such
as STARS [1] or Nastran [2].

If the rigid aerodynamics are calculated with aeroelasticity code by
aeroelasticity specialists, however, for aeroservoelasticity calcu-
lations, there is the need to interact with flight dynamics specialists to
obtain from them the stability and control derivatives. Both
specialists need to interact with each other for aeroservoelasticity
studies. For this reason, there is a need for the common formulation
here presented (interaction between aeroelasticity with flight
dynamics and control). There is therefore the need of interaction
studies between these specialists to obtain the rigid and control
modes aerodynamics studies by use of stability and control
derivatives for aeroservoelasticity studies.

The aerodynamic forces for the rigid-to-rigid mode interactions
Q.. (dimensions 6 x 6) and for the rigid-to-control mode interactions
0, (dimensions 6 x 10), calculated with finite element code Stars,
will be replaced by Q.. and Q,. values calculated with the two
schemes, analytical and numerical, presented in this paper.

The analytical formulation is presented in Secs. II, III, and IV,
whereas the numerical formulation is presented in Sec. V. Details of
the first simulation scheme with stability derivatives in the wind
system of coordinates are explained in Sec. II, whereas Sec. III
presents the first scheme with state variables introduced in the aircraft
closed loop. Section IV presents the analytical formulations for the
aerodynamic forces for rigid-to-rigid and rigid-to-control interaction
mode calculations. Results are validated by two formulations for 90
flight test conditions.

II. First Simulation Scheme with Stability Derivatives

in the Wind System of Coordinates

The detailed first scheme is shown in Fig. 1. This scheme can be
written in its equivalent form, shown in Fig. 2. The details of
blocks 1-9 are presented next.

Block 1 description: Two sets of stability and control derivatives
in the wind coordinate system are known, provided by NASA
Dryden Flight Research Center (DFRC), for various flight conditions
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characterized by Mach numbers, altitudes, and angles of attack. We
express the aircraft behavior with the second state-space matrix
equation:

X x
Y = AnasaX + Bnasa¥ = [Anasa  Bnasa ]|: u} = [Az]|: u] (1)

Where the A, matrix has the dimensions (6 x 19), and Ayasa 1S the
stability derivative coefficients matrix of dimensions (6 x 9), in
which rows 1-6 correspond to the derivatives of C;, Cy;, Cy, Cp,
Clifi» and Cy with respect to the variables in columns 1-9 which are
q,a,V,0,H, p,r,B,and ¢. The control derivative coefficients matrix
Bnasa has the dimensions (6 x 10) and is divided into two matrices
corresponding to the longitudinal and lateral aircraft motion, which
are denoted by Bjongy, o, and By, - Therefore, Byasa is written as
Brasa = [Blongusss  Blatyasa ]| Where Bigng .o, 18 @ (6 X 6) matrix
containing the derivatives of the same coefficients as the ones of
Anasa (Which are C;, Cy, Cy, Cp, Cyi, Cy) with respect to the
longitudinal control surfaces 8jong,, » Slongyrs Flongayp> Stongy > aNA
Slongyers Blangass 15 @ (6 x 6) matrix containing the derivatives of the
same coefficients as the ones of Ayags (Which are C;, Cy, Cy, Cp,
Cuin» Cy) with respect to the lateral control surfaces 8y, » Sjayyy»
S1atgup» Stat, - a0d 81 The output, state, and input vectors are given by
the following equations:

y=(AC, ACy ACy AC, ACyy ACy)" (@

x=(Aq Aa AV A0 AH Ap Ar AB A¢) ()

u= [ Aalonguﬂ; Aslﬁng’nﬂ; ASIO“EA[L ASIO“EHT A810ﬂ°

The Taylor series approximations of stability and control derivatives
at the trim position AC;, ACy;, ACy, ACp, ACy 5, and ACy can be
written as follows:

o 8CL 8CL 3CL aCL 8CL
AC, = 7 Ag+ b Aa+ S EAV £ A+ AH

8&Ap—I—aﬂAr—FaiAﬁ—FaiA(/)

o or 3B 9

A(SlalTEF Q)

The variations of all stability coefficients are written under similar
forms as the ones given by Eq. (5).

Block 2 description: The variations of forces and moments are
written as a function of their stability and control derivatives as
follows:

AX, S 00 0 0 0 AC),
AY, 0 S 0 0 0 0 ACy
AZ, _10 0 S 0 0 0 ACLi 6)
AL, 000 S-b 0 0 AC,
AM,, 000 O S§c¢ 0 ACy,
AN, 000 0 0 S-b ACy

where the force variations are [ AX,, AY, AZ,], the moment
variations are [AL, AM, AN,], and where
§=(pV?/2)S = ggyuS.

Block 3 description: It is well known in this field [3] that an
aircraft’s system of coordinates (x,,y,,z,) is related to the wind
coordinate system (x,,,y,,Z,) by the following two successive
rotations of the coordinate system (x,,, v,,, Z,,): A first rotation with
sideslip angle B around the z, axis to obtain the intermediate
coordinate system (x'y’z’), and a second rotation with attack angle o
around the y’ axis to obtain the aircraft coordinate system (x,, y,, Z,)»
which gives

X, cosacosfB  —cosasinf —sina || x,
Ya | = sin B cos 0 Y @)
Z4 sinecos B —sinasinf  cosa Zy

Forces X, and Z, have opposite signs, whereas moments L, M,,,
and N, have the same sign with respect to the classical formulation
[Eq. (8)], as given by NASA DFRC. Then, equations giving X,,, ¥,,,
Z, L,, M,, and N, are linearized around the equilibrium position
(trim) of the F/A-18 aircraft by the small perturbations theory, in
which the index of any quantity at equilibrium is denoted by zero and
the variation of a quantity around its equilibrium position is denoted
by A. Angles of attack and sideslip angles are expressed as « =
oy + Aa and = By + APB. The sideslip angle at equilibrium g,
given by the NASA DFRC is equal to zero, and therefore we can
write the sideslip angle f as a function of its small variation A 8, and
we obtain cos B =cos(By + AB) =cos Af =1 and

T
AlalLEp AlatTEF AlalAIL AlalHT AlatRUD ] (4)

sin 8 = sin(B, + AB) =sin Af = AP. The aircraft forces X, Y, Z
and moments L, M, N calculated in the aircraft system a and in the
wind system w are also written by use of the small perturbations
theory, forexample, X, = X, + AX,,, etc. The forces X, Yy, Z; and
the moments Ly, M,, N, at equilibrium are zeros in the aircraft
system «a and in the wind system w, whereas the angle of attack Ao
and sideslip angle A S variations are equal to zero. With these last
approximations, we obtain the following system of equations:

AX, AX,
AY, AY,
AZ, | _ AZ,
ALH - le ALw (8)
AM, AM,,
AN, AN,
where C,,; has the following form:
—cosey O sinoy 0 0 0
0 1 0 0 0 0
| —sinay 0 —cosay 0 0 0
Cm = 0 0 0 cosay 0 —sina, ©)
0 0 0 0 1 0
0 0 0 sinag, 0 cosay

We replace the force and moment variations in the wind system of
coordinates AX,,, AY,,, AZ,, AL,, AM,, and AN,, as function of
stability coefficients variations given by Eq. (6) into the right-hand
side of Eq. (9) and we obtain
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Fig. 1 First simulation scheme with the stability and control coefficients in the wind coordinates system.

AX, ACp
AY, ACy
Aza _ ACLiﬂ
AL, =Cn AC, (10)
AM, ACy
AN, ACy
where the C,, matrix has the following form:
Ch
—§-cosa0 0 g-sinao 0 0 0
0 s 0 0 0 0
—S-siney 0 —S-cosey, O 0 0
0 0 0 S-b-cosay 0 —S-b-siney
0 0 0 0 S¢c 0
0 0 0 S-b-sinay 0 S-b-cosqy
an

Block 4 description: The six degree-of-freedom block refers to the
equations of motion of a rigid body in six degrees of freedom. The
theory can be found in the literature [3]. The Simulink toolbox is used
here as block 4, and is composed of five blocks, 4.1-4.5.

Blocks 4.1 and 4.2 descriptions: The origin of the aircraft system
of coordinates a is the aircraft center of gravity. The inertial system of
coordinates is fixed to the Earth and is denoted by i. The aircraft
equations of motion are obtained with Newton’s second law (see
Fig. 3): The sum of the external forces acting on an aircraft is equal to
the momentum rate of change of the momentum of the aircraft over
time (block 4.1). The sum of the external moments [3] acting on an
aircraft is equal to the angular momentum rate of change of the
aircraft over time (block 4.2).

Block 4.3 description: The cosine director matrix (CDM) is
calculated from the Euler roll, pitch, and yaw angles ¢, 0, and v in
block 4.3 (see Fig. 4), and is used in block 4.4.

cos fcos Y
cos ¥ sin @sin ¢ — sin ¥ cos ¢
cos ¢ sin O cos ¥ + sin ¢ sin Y

CDM =

Block 4.4 description: The linear speeds V., V,, and V, in the
inertial system of coordinates i are calculated as a function of the
linear speeds u, v, and w in the aircraft systems a by three successive
rotations: one first rotation with the yaw angle ¥ around the z,, axis, a
second rotation with the pitch angle 6 around the y, axis, and a third
rotation with the roll angle ¢ around the x, axis, and we obtain

Vs
|%

y

V

z

u
=CDM’| v (13)
w

Block 4.5 description: Block 4.5 relates the Euler angles ¢, 6, and
¥, and the angular speeds p, ¢, and r, with the Euler time derivatives

¢'5, 6, and 1// by use of the following equation:

é 1 singtan® cos¢tan6\ [ p
6]=10 cos¢ —sing q (14)
v U Y ot r

Block 5 description: In block 5, we calculate the variations of the
aircraft’s true airspeed V, angle of attack «, and sideslip angle 8. To
calculate these variations, we calculate V, «, and B as functions of
linear speeds in translation «, v, and w in the aircraft system of
coordinates a [3]:

V=vu’+v+w%
B = arctan[v/ v/ (u* + w?)]

The theory of small perturbations is applied to the terms V, «, 8, u, v,
and w.

Block 5.1. True airspeed variation AV: We replace the speeds
given by the perturbation theory in the first squared equation of the
system of Eq. (20):

a = arctan(w/u) 15

(Vo + AV)? = (ug + Au)* + (vg + Av)* + (wo + Aw)*  (16)

cos fsin ¥ —sinf \7

sin¢gsin fsiny + cos Y cos¢ cosBsing (12)
sin ¥ sinfcos ¢ — cos ¥rsing  cos 6cos ¢
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Fig. 2 Simbplification of the scheme shown in Fig. 1.
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Fig. 3 Description of block 4 details on six degree-of-freedom dynamics.
Cosine Director Block 5.2. Angle of attack variation AV: At equilibrium, the

. Matrix second equation of system (15) can also be written in the following
8.0,y .1/S ¢.0.y - CDM form:

@n

Euler angles

U SIN 0y = W COS

Fig. 4 Scheme of block 4.3.

At equilibrium, we write

The square products of speed variations Au?, Av?, Aw?, and AV?in
Eq. (16) can be neglected, as they are very small. Then, we divide

Eq. (16) by 2V, and we obtain

Atequilibrium, the components 1, and w, of the true airspeed V,, can
be written as a function of the angle of attack ¢, as follows:

The researchers at NASA DFRC considered in their calculations

Vo Vo

ug = Vycosay;

We apply the perturbation theory to the quantities u, v, and « (for
example, u = uy + Au, etc.). We further replace these quantities,
Eqgs. (24) and (28) in Eq. (27). The products of small quantity
Vi =ud + v} + w} a7 variations, such as AeAu and AeAw are neglected. We take into
account the trigonometric equality sin’c + cos’ay =1 and the

AVZEAM—I-&AU—%%AH) (18) Ag = —Sinco

Au +

0 Vo

we = V sin g (19) Bo=0),as

Bo =0, so that the component v, is equal to zero. We replace

Eqgs. (19) and v, = 0 into Eq. (18) and we obtain

tan A ~ A =

Vo

v

cos &
Aw

trigonometric functions for small angles-of-attack variations
(cos Aa = 1 and sin Ao = A«), therefore, we obtain the variation
of the angle of attack as follows:

(22)

Block 5.3. Sideslip angle variation AB: The third equation of the
system of Eq. (20) can be written, for small variations of A 8; (and for

(23)

We express Af in the form of the products sum of the 8 derivatives

with respect to u, v, and w at equilibrium and the small perturbations

AV = Aucosay + Awsina, (20) of u, v, and w
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9 Ip 9
Ap=|—] A —] A — A 24
P (a”)o “r (av)o . (8w 0 v ey
The expressions of 8 derivatives at equilibrium are calculated by the
derivation of Eq. (23), where vy = 0, VZ = u? + w3, and we obtain

1
ABp=—A 2
B Ve v (25)
The variations AV, A, and Af, from Egs. (20), (22), and (29),

respectively, are rearranged in the form of a matrix system of
equations:

AV cosay 0 sinay Au
Aa | = =2 O 52| Av (26)
AB 0 = 0 Aw

0

We add the system of Eq. (26) to the initial equations of the block 4
output variations Au, Av, Aw, Ax;, Ay;, Az;, Ap, Aq, Ar, Ap, A6,
and Ay, which become the block 5 inputs, and we obtain a higher-
order matrix system of equations:

Au
Ag Av
Aa Aw
AV Ax;
AO Ay;
AH :BmAz,=AH
Ap Ap
Ar Aq
AB A&p
A¢ Y
Ay
Au
0 0 0 000010000 Av
e @ 000000000 2“’
cosay 0 sing 0 00000000 Xi
0 0 0 000000010 Ayi
=l o o o oo0o1000000]||Au=AH
0 0 0 000100000 Ap
0 0 0 000001000 Aq
0 & 0 000000000 N
0 0 0 000000100 A
Ay
27

Block 6 description: The initial parameters of the matrix system of
Eq. (27) are given by NASA DFRC in the stability and control
derivative files for each flight condition characterized by the Mach
number, altitude, and angle of attack:

[40 a Vo O Hy po ro Bo ¢0]T
= [0 Qoxasa VUNASA HONASA HONASA 000 O]T
(28)

Block 7 description: We calculate the air density p as a function of
altitude H [4].

Block 8 description: The dynamic pressure gqy, is calculated [3] as
a function of the aircraft’s true airspeed V and the air density p.

Block 9 description: The control surface inputs are excited with
various signals. The control surfaces for the F/A-18 aircraft analyzed
here are as follows: the leading-edge (LE) flaps Alef = A§| g, the
trailing-edge (TE) flaps Atef = Adrgp, the ailerons Aail = Adyy,
the horizontal tail Aht = Adyr, and the rudder Arud = Adgyp. One
signal is used at a time on the aircraft control inputs, to give a
deviation of £5° around the equilibrium aircraft position (trim) for
its longitudinal and lateral aircraft motion to observe the forces and
moments variation over time. For the longitudinal motion, a signal

was given on the horizontal tail, and for the lateral motion, a signal
was given on the ailerons.

III. State Variables Introduction in the Closed Loop

We next develop a second formulation from the first formulation,
to obtain the vectors of the generalized coordinates and their time
derivatives in closed loop form:

n= (Axi’ Ayiv Azi’ A¢7 Aev AW)T,

L 29
n=(AV,, AV, AV A¢, A, Ay)T @

The arrangement of stability coefficients on lines 1-6 of the
matrices used in the first formulation is C;, Cy;, Cy, Cp, Crir» Cy
[see Eq. (6)]. To obtain the second formulation, it is necessary to
rearrange the order of the stability coefficients as follows: Cp, Cy,
Cliti» Cp» Cy, Cy. Therefore, the notations Ay, Bloy,, » and By, are
introduced for the intermediate matrices A, By, and By, in which
the order of the coefficients is rearranged.

Next, we show only the A;, matrix, whereas the By, (6 X 6)
matrix contains the derivatives of the same coefficients as the ones of
A;p With respect to the longitudinal control surfaces Sione,,, » Stongyy >
Slongaup > Stong, g+ AN Gjongr aNd By, o s @ (6 X 6) matrix containing
the derivatives of the same coefficients as the ones of A;,, with respect
to the lateral control surfaces 8y, » Statyr > Sratgup > Stat g AN Sraeppy -

Aim
[[oCp 9Cp  9Cp  ICp  ICp  ICp  ICp  ICp  ICp ]
dgq do v a0 JoH ap ar ap k)
9y ¢y ¢y Ay ICy ¢y ACy Iy ICy
dg da v a0 oH ap ar ap g
0Cun  9Cuip  9Cun  Cuin  OCun  Cuin  OCuLn  ICuin  ICLin
_ dg da v a6 oH ap ar ap k)
= | 9c, ac, ac, dc, dC, aC, dC, IC,  dC
g o v 90 9H ap ar 3B B
aCy ICy ICy ICy ICy ACy aCy ICy ICy
g o v 30 9H ap ar 3B B
9y Iy Iy ICy Iy Ay Iy Iy ICy
L dgq do v a0 JoH ap ar ap dp _|
(30)
The intermediate matrix A,, = for the A,, matrix is now written as
follows:
gy A4p oo Q49
el dep  --- de19
dsy dsp ... ds)9
A, =14 B B = ’ ’ ’
M [ int long;y, latjn, ] ay; @y, ... app
dyy dyp ... o9
azy dzp ... d3j9

@3

where the A, ~—matrix of dimensions (6 x9) is the stability
coefficients matrix, whereas the A,,,, matrix of dimensions (6 x 10)
is the control coefficients matrix [ Bioyg,, By, |- Then, the second
equation of a state-space system may be written in the rearranged
order:

ASIO"EI_EF
iq ASlt)ngTEF
ACD Ag ASIO"gAn_
A C‘Y ASI(mgHT
A CLift A0 A 810n
AC = Amlml AH + AmZ,m AS ERUD (32)
ACy A A
AC Abyy
N A ﬂ A81 t
s

We replace the left-hand side term of Eq. (27) in the first term on the
right-hand side of Eq. (32) to obtain another set of state vectors X in the
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second equation of the state-space system of equations, and we obtain

Au
Av A((),longLEF
Aw A(Slc.)ng-mp
AC) Axi ASIO"gA]L
ACY Ayi A(Slc.)ngl.l-r
AC‘Lift —=A ) B AZI- =AH + A N ASlongRUD
AC, e Ap e A
ACy Agq Aglmm
ACy Ar A(SlatA"_
A¢ latyr
A A(Slﬂtmm
Ay
(33)
—ay, Si"v:“ + a5 cos "Vio" as, “’j:o
—dg M?/:O + ag3CO8 0 aVLf %3 00&0
—a15 7y, F a5 008 V'TS ap, &:0
—djn Sir\l/:lj + day 3 COS HVL: asn COS:O
azg cos &g

sin o
—a3p Tyt a33cosey PR din Ty

+ ay3sino
%0 4+ g 5 sinag
+ as;sino
+ a3 sinq
+ a3 sina

+ asy sin o

We replace the vector output given on the left-hand side of Eq. (33)
in the right-hand side term of Eq. (10) to calculate the forces and
moments in the aircraft system of coordinates:

Au
Av A(Slon SLEF
Aw A longrgp
AX, Ax; longar,
A Ya Ayi A(Slongm
Aza = CmAml Bm AZ,' =AH + CmAmZ A(slongRUD
AL, Ap | Ab,
AM a A q lattgr
AN, a Ar latar,
A¢ ASI&IHT
AB Lt
AlRUD
Ay
(34)
We introduce the following notations:
C= CmAmlim Bm’ D= CmAmZim (35)
Au
Av Aglonguﬂ;
Aw A longrgg
AXa Axl- AglongAlL
A Yu Ayi A(Slong].rr
AZ Az. = H A(Slon
« | =c| A% +D Erop 36
ALa Ap A‘SlalLEp ( )
AM a AC] ASIHLTEF
AN{Z AAI'¢ A‘SlalAIL
lat,
AB o
AlRuD
Ay

The scheme shown in Fig. 5 represents the conversion of the
scheme shown in Fig. 1 by use of Egs. (29-36), and has the 12 state
vectors X given by Eq. (29) in the closed loop. We obtained the C and
D matrices, which characterize the linear system at trim condition.
These matrices are presented in detail next.

We represent the terms of the C and D matrices analytically. The C
matrix has the following analytical form:

(37

C:CmAmle:(Cll Cl12 C13 Cl4)

C21 C22 (C23 C24

where the C11, C12, C13, C14, C21, C22, C23, and C24 matrices
are represented under analytical forms. We obtain

Q45 dae Q41 Qa7 d49 A4y
Qes dee de1 Qo7 deo dea
ass dse ds) ds7 dsg ds4 38)

ays die Ay dyy dig dig

dys dpe dpy A7 dyg dog

S O O O O O
S O O O o O
S O O O O O

azs dze d3) d37 d3g9 d34

The C matrix is the product of the C,, matrix given by Eq. (11) and
the A,,| B,, matrices’ product given by Eq. (38), whereas the C matrix
analytical elements are found by identification. Because of the pages
number limitations, we give here only the first element of the C11
matrix:

= a4, sin 2
Ci1 = S(’i — a4v30052a0 —

as,sin’ay R sin 20
2V,

Vo 2
(39)

The D matrix may be written under the form D =[D1 D2],
where D1 and D2 are

dl.l d1,2 dl,3 d1,4 dl.S d1.6 dl.7 dl,S d1,9 dl,lO
D1 = d2.l d2,2 d2,3 d2,4 d2.5 d2.6 d2.7 d2,8 d2,9 dZ.lO
d3.l d3,2 d3,3 d3,4 d3.5 d3.6 d3.7 d3,8 d3,9 d3,10

(40a)

d4.l d4,2 d4,3 d4,4 d4,5 d4.6 d4.7 d4,8 d4,9 d4,10
D2 = dS.l d5,2 d5‘3 d5‘4 dS,S d5,6 d5.7 d5,8 d5‘9 dS,lO
d6.l d6,2 d6,3 d6,4 d6,5 d6.6 d6.7 d6,8 d6,9 d6,10

(40b)

The matrix D =[D1 D2]" =C,A,p,, is the product of the C,,
matrix given by Eq. (11) and the A, matrix. The elements of
matrices D1 and D2 are calculated by identification, and we show
here only the first elements of the D1 matrix.
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d = S (—ay.10 - cos oy + as o - siney);
dy= S- (—ay 1y - cosog + as - sinoyg)
di;= S- (—ay15 - cos o + as ;- sinoy);
dy4= S. (—ay.13 - cos o + as 3 - sinoy)
dis=S-(—ay.-cosay+ as - sine);

_ _ @1)
dig =5 (—ay;s-cosag + ass - sine)

dig= S- (—ay, 16 - cOS Q) + as 16 - SinQy);
dig= S- (—ay 17 - cos o + as 7 - sinoy)
dig=S-(—ay5-cosay + asg - Sineg);
dy o= S- (—ay. 19 - cOS O + as 9 - Sin o)

The C matrix [only the first element of C11 matrix is shown in
Eq. (39)] and the D matrix [only its first elements are shown in
Eqs. (42)] are further replaced in Eq. (36). Therefore, we obtain the
two matrix equations for the variations of forces AX,, AY,,and AZ,
and moments AL,, AM,, and AN, in the aircraft system of
coordinates:

AX, Au Ax; Ap

AY, | =Cl11| Av | +C12| Ay; | + C13| Agq

AZ, Aw Az Ar

ASIO“ELEF

longrgp

longay

A¢ AA(;SlO“gHT
+Cl14| AO | + DI A(‘S"“gkw (42a)
Ay lat g

latpgp

AslalAIL
ASlalHT

latgup

AL, Au Ax; Ap
AM, | =C21| Av | + C22| Ay, | +C23| Agq
AN, Aw Az; Ar

ASIO“%LEF

longrgr
longan,
A¢ AA;IOUEHT
+C24| A0 | 4 D2| T\ (42b)
A w lat gp

latrgp
laty,

latyr

latgyp

In Eqgs. (42a) and (42b), there are terms u, v, w, p, ¢, and r in the
aircraft coordinate system and terms x;, y;, z;, ¢, 6, and ¥ in the
inertial coordinate system. We need to obtain these terms in the same
system of coordinates, and we choose the inertial system of
coordinates. Therefore, we convert the linear and angular speeds
terms (u, v, w, p, q, and r) from the aircraft coordinates system a, into
the inertial coordinate system i. The speeds u, v, and w in the aircraft
system of coordinates a are obtained, using linearization, from the
linear speeds and Euler angles in the inertial system of coordinates i.
Equation (13) can be written in the following form:

The small perturbations theory is applied to the following quantities:
u,v,w,V,, V,, V., p,q,and r. The roll and yaw angles at equilibrium
given by NASA DFRC are equal to zero, ¢,, and . The
trigonometric function (sine and cosine) assumptions for small
angles A¢, A6, and Ay are also considered. The products of small
terms such as AgAY, AOAV,, AOAV,, A¢pAV,, and A@AV, are
neglected, and we consider the equilibrium speeds V, and V| to be
zero. We replace these assumptions in Eq. (43) and we obtain

Au AV, A
Av | =P| AV, | +P1| A6 (44)
Aw AV, Ay

where

cosf, 0 —sinf,

P = 0 1 0 and
sinf, 0 cosb,
. (45)
0 -V, sinf, 0
Pl =V, sing, 0 -V
0 V,, cos 0

The second type of linearization concerns the calculations of angular
speeds p, g, and r in the aircraft system of coordinates from the Euler
angles and their derivatives in the inertial system of coordinates. The
angular speeds p, g, and r are expressed [3.4] as functions of Euler
angles ¢, 6, and v, respectively, and their time derivatives d), 6, and
1/'/. The small perturbations theory is applied to the Euler angles ¢, 6,
and v, their time derivatives q"J, 0, and 1.0, and to the angular speeds p,
q, and r. The initial data given by the NASA DFRC laboratories are
given for the angular speeds p, = gg = ro = 0, Euler angles and
their time derivatives ¢, = ¥, = 0, 6, = &g, and ¢ = 6, = v, = 0.
The products of small angle variations, such as A¢A# and other
products of such small angles, can be neglected. For small angle
variations A¢, A6, and Ay (sin A¢p = A¢,cos Ap =1,...), wecan
write the following system of equations:

Ap A¢ — Ayrsin 6, 10 —sinby\ (Ag
Ag | = AG ={o 1 0 A
Ar cos Oy Ay 0 0 cosby Ay
Ag
Ay
(46)
where R is the following matrix:
1 0 —sinf,
R=|0 1 0 (47)
0 0 cosb,

We next replace the vectors (AuAvAw)T given by Egs. (44) and
(45)and (ApAqAr)T givenby Egs. (46) and (47) into the two sets of
Eqgs. (42a) and (42b) for the variations of forces AX,, AY,, AZ, and
moments AL,, AM,, AN, in the aircraft system of coordinates, and
we obtain

u cos cos Y cos Osin —sin@ V,
v |,=| singsinfcosy —cosgsinyy singsinfsiny + cosgpcosy singcosH v, (43)
w cos¢sinfcos ¥ + singsinyy  cos¢psinfsiny —singcosy  cos¢pcos V. ).
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AX, AV, AX,
AY, |=cii-p-| av, | +ci2-[ Ay, | +c13-R
AZ, AV. AZ.
ASIO“gLEF
longrgr
ASIO"EAIL
i lon,
A¢ A¢ A810n -
A0 | +(C1a+Cr-p1y- | A6 | 4 D1 [ e
AV ad latpr
latam
latyr
latrup
(48a)
AL, AV, Ax; A¢
AM, | =C21-P| AV, | +C22| Ay, | + C23-R| Ab
AN, AV, Az AV
A(Sl(mgl_EF
longrer
longan,
A ¢ AASIOngHT
+(C24+C21-P1)| AO | +D2 A({)?“gm
Aw lat gr
latrgr
laty,
latyy
latryp
(48D)

The development of Eqs. (48a) and (48b) can be seen in Fig. 6.
In Fig. 6, we introduce the following notations for the state vector
variations An and A7:

An=[Ax; Ay, Az; Ap A6 Ay
) ) . T (49)
Ar;:[AVx AV, AV, A$ Af Aw]

IV. Aerodynamic Forces for Rigid-to-Rigid
and Rigid-to-Control Interactions Mode Calculations

To continue this work, we need to calculate the aerodynamic
forces and moments variations for rigid-to-rigid Q,, and rigid-to-
control Q,. interaction modes in the inertial system i [5].
Linearization of forces and Euler angles from the aircraft system of
coordinates « into the inertial system i is realized by use of the small
perturbations theory. The inertial forces variations’ AX;, AY;, and
AZ; are written as functions of force variations in the aircraft system
of coordinates X, Y,,, and Z, by use of the CDM in a form similar to
the one given by Eq. (13). The small perturbation theories are applied
to the Euler angles, then we obtain two sets of equations for the forces
and for the moments, under the following form:

AX, AX, A AX,

AY, | =F| Ay, | +F1| a6 | =F[ Ay, | +0

AZ, AZ, Ay AZ,
AX,

=F| Ay, (50a)
AZ,

and for the moments

AL; AL, A¢ AL,
AM; | =F| AM, | + F1| A0 | =F| AM, | +0
AN; AN, Ay AN,
AL,
=F| AM, (50b)
AN,
where

cosfy, O sinf,
F= o 1 0 1)
—sinf, 0 coséb,

The forces and moments variations in the aircraft system of
coordinates given by Eqs. (48a) and (48b) are replaced in Egs. (50a)
and (30b), in which a vector of zeros of dimensions (3 x 10)is added,
and therefore, the forces and moments are obtained in the inertial
system of coordinates i:

Au
Av AX ,( force)
£ —_—
Aw
Ax, AY, (force)
e —
Az‘ AZ ( force)
> —
Z;’ AL, (moment:
Al
Ael AM , (moment)
Wy,
AN, (moment)
L ——
7y A
8.c,b
Daym

‘——v‘—‘
[eutpnyibuoj

Control surfaces

M—v——'
|eJsje|

Initial
conditions

Fig. 5 Simulation scheme with 12 state vectors in closed loop.
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Ax,
Ay’. AX , (force)
o — e e
Az ﬁ»
Ady AY,( force) -
AQ-
A AZ , (force)
Y| o= -
o B
> 13 AL, (moment
A7 JAD: AL, (moment)
—ZD—A .
AQ'_L AM , (moment)
Ay -
AN, (mmoment)
—
X A
i s, 2.0
{ Deyn

[eupniiBuol

Control surface input

[e19qe]

X
- Y, i: ]
- H zi:
[
(2
W—
V’:
VV:
Voo
2 -
- Dy ;
Y iti
-

Fig. 6 Scheme including the variations of state vectors and their time derivatives Ay and Aj).

Ax; A¢
=F-C12-| Ay, | +F(Cl14+C11-P1)-| A6 | +F
AZi Al/f

ASIOngLEF

longrep

longar,

Friey AV, A
-D1- Ag’"gwb +F-C11-P-| AV, | +F-C13-R-| A6
laty gp A‘/z Al//

latrgp

latap,

latyr

latgyp

+Ze1053,10)-(0 00 00 00 0 0 0)7

(52a)
AL, Ax, A
AM; | =F-c22| Ay, |+ F(c2a+c21-P))| A0 | +F
AN; Az; Al/f
ASIO"ELEF
longrgr
ASIOHgAIL
AS longyt AVX A¢
"D2| T\ | 4 F-C21-P-| AV, | +F-C23-R-| Af
lat, ]
LEF AV
A(SlﬂlTEF ¢ AV
AalatA[L
ASlatm—
latrup
+ZerOS(3X10)’(O 000000O00O0 O)T
(52b)

We arrange Eqs. (52a) and (52b) to obtain the generalized coordinate
vectors’ variations An and A7 given by Egs. (49), and the control
vectors « and u.

AXx;
Ay,
Az;
A¢
AB
AX; Ay
AY; ASIO“ELEF
AZ, | | FCl12 F(Cl4+Cl1P1) FDI1 Abiongrer
AL; | — |:FC22 F(C24 + C21P1) FD2:| longar
AM,; A810“81-1T
AN; Adiongeun
laty g
latrgp
AslatAIL
A‘slatm-
latgup
AV,
AV,
AV,
2
A6
Ay
0
FCl1P FCI3R O 0
+ [ FC21P FC23R 0 ] 0
0
0
0
0
0
0
0

(53)

The system of Egs. (53) is simulated with the scheme shown in Fig. 7.

To calculate the aerodynamic forces Q,, and Q,., we need to write
the equation of motion for the flexible aircraft structure in terms of
generalized coordinates, in the following form:

which can be written in a simplified form as
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Mij+Dn+Kn+y, =0 (55)
where the last term of Eq. (55) is:

yleaerozqdynan[AXi AY;, AZ; AL, AM,; AN:‘]T
(56)

The aerodynamic forces Q have real and imaginary parts, and for this
reason Eq. (56) can also be expressed as

. jon
V1 = Qagn(Qr + JOIN = qayn QrN + qdynTQI (57)

From the generalized coordinates definition n = Ae/*’, where A is
the amplitude of motion and w is the oscillations frequency, we
calculate the generalized coordinates derivative with time
N = jwAe/" = jon. The reduced frequency k is given by the
following equation:

wc

k=—
2V

(58)
We replace w calculated with Eq. (58) into Eq. (57) and we obtain

n c .
Y1 = QdynQRn + 4dyn 5 QI = qdynQRn + dyn m an (59)
The real parts of aerodynamic forces Qp correspond to the state
vectors x and control vectors u, and the imaginary parts of
aerodynamic forces Q; correspond to the time derivatives of state

vectors x and control vectors u, and therefore we can write
c

. c .
2Wk QIn'n + qdyn— Q{CM (60)

= qdyann + qdynQﬁu + qdyn Wk

Equation (60) may be expressed in the form of the second state-space
equation:

c : u
ylzqdyn(Q§r MQﬁr)(Z)—i_qdyn( fc lel'c)(u)

(61)

Equation (53) may be written by use of state vectors 7 and their time

derivatives 17 and with control vectors u and their time derivatives i,
as follows:

AX,
AY,
AZ,
Y1 AL,
AM,
AN,

_[F-c12 F-(Cl4+C11-P1) F-D17(n
| F-C22 F-(C24+C21-P1) F-D2|\u

+(F-C11-P F-C13-R 0)(2) )

F-C21-P F-C23-R 0
Equation (61) can also be presented in the following form:

yi=[AX;, AY, AZ, AL, AM; AN;]"

n ¢ ¢ U]
= (qdyanqdyanl'f:) ( u ) + (Qdyn 2_Vk Qll’eryn 2_Vk zc) ( U )
(63)

The Q,, and Q,, matrices are represented under analytical form (with
6 rows and 16 columns). By identification of the aerodynamic forces
matrices given in Egs. (62) and (63), we calculate the terms of the real
aerodynamic forces for rigid-to-rigid mode interactions QX and the
terms of the real aerodynamic forces for rigid-to-control mode
interactions QX , and thus we obtain

or—[F-C12 F-(Cl4+Cl1-P)] _ w1 Ono
“|F-c22 F-(c244c21-P) | \OF, OF

T
1 2

(64a)

F.-D1 R
R — rcy 1
o= (75 )= (51 (o
The elements of matrices Qﬁll, Qﬁlz, Qﬁzl, Qﬁzz, chll, chzl are
defined as follows:

Ax,
Ay, AX =
g — g
An i 52
Ad,, AL g3
AO > s
A_l//> CT? AZ, %3‘
—» =i0 > g
Ayl o n 25
ALl Do g2
A JAva | Rim |AL | g8
Ady | T "l |88
el B SR
> 27
AN, 2
—» 3

i5..b

Dim

JeuipnyiBuo

ontrol surfaces

lelale|

%
Yy )
Zi:
Lol + A
| 0: A
Vo) [ conions |
'y
D
Voo Ajj
9SO
- -k,
W: Initial
conditions

Fig. 7 Scheme with force and moment variations in the aircraft system of coordinates from the inertial system of coordinates.
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qrin qriz2 43
ﬁ,]z qra1 4qrap 4z |
qr3n qrip  4ri3
! (65a)
qria 4qrs 4qrie
§,2= qra4 qras qrae
qris  qris qrie
qray  qrsp  qra3
521_ qrsy  qrsa  4qrs3 |3
qre1  dTe2 4763
(65b)
qrss  qlras  qlae
ﬁzz— qrs4a  qTss 4l'sg
qres 4qres qles
qriz 4qrg 4o 4riio 49T
ﬁ,l_ qraz  4qrag 4rao 4qraio 4
qriz  qrig 4qr3o 4rijo 4T3
qraz  qrag qrag qraio  qran
221: qrs7  qrsg 4ql'syo  4rsqo0 9751
qre7 4qTres 4le9 qle10 47611

By identification of the imaginary parts of aerodynamic forces Q.

BOTEZ ET AL.

column are not equal to zero. By identification of the OF | matrix
elements expressed by Eq. (68) and of the C matrix values given by
Eq. (39) and other equations (not shown, due to the page number
limitation):

qriy =0; qrip=0;
qriz = Cyg * COS 90 + C36° sin 00 = S[_a445 . COS(QO — ao)

—dss - sin(fy — ag)]

qra; =0; qran =0; qraz=c16="5"ags
qr3; =0; qr3s =0;
qri3 = —Cig-sinfy + c34-costy = §[a4,5 -sin(6y — «g)

—ass - cos(fy — ag)]

(69)
qriiz 4riaz qrias qrias 4riae
qrai2 4r213  qraaa 4rais 4rae (65¢)
qriiz 4riiz qriaa 4riis 4rige
qran2 4Tran3 qrana qrais  4rage
qrsa2 4rsiz qrsia 4rsis  4Ts e (65d)
drei12 47613 4qTre14  4le1s 47616

The coefficient a; terms in Eq.

(69) contain stability and control

and Q! in Egs. (63) and (64), we can write

T

L =[o o]

Q,_(F-CH-P F-CB-R)

F-C21-P F-C23-R

!
1
!
;1

I

12

I
er22

) (66)

The elements of the imaginary aerodynamic forces Qf, |, O . Ok |
I I I
2> Ore,1 and Oy, are defined as follows

qivy qihia qiis
=1 g1 qixn qixs
qizy  qiza qizs
. . . (67a)
qlia 9his qle
Lo = | @is qias  qize
qizs qizs  qizg
qis)  qlan  qiss
£r2|= qisg  qisy  qis3
Gis1  qler  qle3
. . . (67b)
qlaa  qlas  qlae
b = | qisa  qiss  qise
diss qlss Qqlsg

We next show the calculation of one single term corresponding to the
real parts of the aerodynamic forces, because the same theory is used
to calculate all of the terms of the real and imaginary aerodynamic
forces. Please note that the F* matrix is given by Eq. (51) and the C12
matrix is analytically given.

cosf, O sinf, Ci4 Cis5 Cug
R =F-Cl2= 0 1 0 Crs Crs Cag
—sinf, O cosb, C34 C35 C3g
qrip 4qriz qris
=\ 4921 4o 43
qrsy qrip  4ris
(68)

The first two columns of the C12 matrix are equal to zero (the first
two columns of C12 are zero), whereas the coefficients in the last

derivatives as seen in Eqs. (1-6). Therefore, we obtain, for all rigid
aerodynamic elements QF, Table 1, in which the first three elements
in column four were given in Eq. (69).

The first simulation scheme (Fig. 1) represents a system that uses
the stability and control derivatives in the wind system of coordinates
and in which the forces and moments are calculated in the aircraft
system of coordinates. The second simulation scheme (Fig. 8)
represents an equivalent scheme similar to the first, in which the
states in the inertial system of coordinates are used in the closed loop.

V. Numerical Linearization Scheme

The formulations already developed in Secs. II, III, and IV will be
validated for particular cases where the same types of stability and
control derivatives are given in the wind system of coordinates. A
problem appears if we add, subtract, or change a derivative or its
initial value in the formulations, because then all the formulations
change. Therefore, we need to develop automatic simulation
formulations. We develop a MATLAB algorithm in which all of the
preceding changes in coordinates and linearizations are automati-
cally realized. We use the “dlinmod*“ MATLAB function which
gives, in the state-space form, the linearized form of a system built in
Simulink, around a specified trim point condition. The simulation
scheme presented in Fig. 9 is equivalent to the scheme presented in
Fig. 1 and takes into consideration the stability derivatives given in
the wind coordinate system.

In block 1 of Fig. 9, the forces and moments F,, and M, are
calculated from the stability and control derivatives given in the wind
system of coordinates. To simulate aircraft behavior, we convert

Table 1 Real part of Q. matrix (for displacements)

Xio Vi <
X 0 0 S- [—Cd,, -cos(fy — o) — CLiﬂ,1 -sin(6y — ap)]
Y 0 0 ) s-c,
Z 0 0 ;9 -[Cy, - sin(0y — &) — Cig, - cos(Gy — atg)]
L 0 0 S-b-[C), - cos(ty — ag) + C,, - sin(6y — a)]
M 0 O §-c-C,,
N 0 0 §-b-[-C), -sin(fy — ag) + C,,, - cos(By — atp)]
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these forces and moments, determined in block 1, to forces and
moments in the aircraft coordinate system AF, and AM,, using
block 2 for the transformation from the wind coordinate system to the
aircraft coordinate system. The aircraft linear and angular speeds are
the block 4 outputs and are calculated from the forces and moments in
the aircraft coordinate system by use of the six degrees-of-freedom
equations of motion. Parameters specific to the aircraft in the wind
system of coordinates, such as the angle of attack, sideslip angle, and
true airspeed, are further calculated in block 5 and used as inputs to
block 1 in the aircraft time simulation. The scheme presented in Fig. 9
around the trim point specified in the simulation is then linearized by
use of the dlinmod command in MATLAB, where the linear
relationship between the inputs u and the outputs y is obtained under
state-space  form, in  which the state vectors are
X = (u,v,w, p,q,r,¢,0,Y, x;,y;,z;). The components of the state
vectors x are the linear speeds u, v, and w, the rates p, ¢, and r, the
angles ¢, 0, and v, and the three positions x;, y;, and z;. The scheme
presented in Fig. 9 can also be further represented under state-space
form in Fig. 10.

Then, the state variables x are calculated with the first state-space
system equations and are further used in the second equation of the
state-space system to calculate the outputs y. In this case, we find the
next scheme, equivalent to that shown in Fig. 10, in which the block 4
outputs, from the six degrees-of-freedom (DOF) equations of motion
(see Fig. 9), are used.

As the schemes shown in Figs. 9 and 11 are compared, it is obvious
that blocks 1, 2, and 4 are contained in the C and D matrices. The
aircraft model thus obtained gives the variations of forces and
moments calculated in the aircraft coordinate system dependent on the
inputs u and state vectors X. The matrices Q,, and Q,., corresponding
to rigid-to-rigid and to rigid-to-control mode interactions,
respectively, are determined for aerodynamic forces in this way.
The states multiplying these matrices, and the forces and moments,
are calculated in the inertial system of coordinates. The scheme shown
in Fig. 11 is redesigned by adding a first block, which changes the
outputs y; into y, and a second block, which changes the states x into
the states x;. This new scheme is presented in Fig. 12. Results obtained
with analytical formulations are shown in Tables 1-4.

The changes to the coordinates implemented in the added blocks
depend on the trigonometric functions of Euler angles, more
specifically, the inputs are related to the outputs by nonlinear
functions. The two blocks are then further linearized, which requires
that the MATLAB command dlinmod be applied to the two blocks.
For the block “x to x;,” a linear relationship is obtained:

which represents a simplified form of a state-space system where
matrices A, B, and D, are zeros, as this block has no states. The
linearization of block “y; to y” gives

y=D,y; (71)

By using the blocks shown in Fig. 12, and Egs. (70) and (71), we
write

Yy =D,y; = D,(Cix; + D;ju) = D,(C;Dyx + D;u) = D,C; D x
+D,D;u (72)

Identifying the matrices given by Eq. (72) with those given by the
state-space equations

C=D,C,D; D =D,D, (73)
The C and D matrices are obtained from the linearization presented in
Fig. 9, and the D, and D, matrices are obtained by the linearization of
two blocks shown in Fig. 12. We calculate the C; and D; matrices
with Eqgs. (73):

C,=D;'CDy';  D;=D;'D (74)

and the state vector X; is:
Xi:(xi!yiizh(psgfw’xh)}iiiii(i)’év‘/})T:[nr 7:]r]T (75)

We can write the aerodynamic force equations for the rigid modes in
the following form, similar to Eq. (60):

c . z
qdyn |:Q§77r + TVk annr] = (qdyanr Jdyn ﬁ er )xi =Cux;

(76)
The real and imaginary parts of the aerodynamic forces

corresponding to the rigid modes are obtained by identification
from Eq. (76):

1 2Vk
OR = —(C;(1:6, 1:6); Ol ==

qdyn quyn

C,(1:6,7:12)  (77)

The control vector uis u = [, 0]7. The real and imaginary parts
of the aerodynamic forces corresponding to the interactions of rigid
modes with the control modes are determined with the following

x;=Dx (70) equations:
Q, 2
Ax; A A x;
Dy AX, _ | ax, > e
An ﬂ.. : > ot Figge
ady| = |24 s |ar, )
A8 5 - sE | < >
a2 |az sg |az,| & 4
V| D - 3% <\ 3 » >
AV ¥ > gz [\ %
AV | & =2 > >
3 < €8 >
Al JAV: L (AL g2 | Az e Y
4 A-# S > §§ - T
Vi 3 S5 g
Ay | & [AM, §o | &
Ay > i — o O g
AN, 2 |aw, o [ L
— : >
W 6 DOF
5 i 8,0,
t§_ E Giyn
5
g
Command
surfaces

|esaje|

Fig. 8 Scheme for aerodynamic forces calculations from generalized coordinates.
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u
AF,, Transformation of wind
> 4 M, coord’s system to aircraft
coord’s system AF
a
1 AM,
2
Parameters 6 DOF
5 4

Fig. 9 Simulation aircraft scheme with stability and control derivatives
given in the wind coordinates system.

u X =Ax+Bu
y=Cx+Du >

y=FoM,

Fig. 10 Equivalence with the scheme shown in Fig. 9.

A 4

y=Cx+ Du y=F, M,

6 DOF

<

Fig. 11 Equivalence with the scheme shown in Fig. 2.

yi=Cwx;+ Diu yitoy

X to x; 6 DOF

Fig. 12 Simulation scheme with forces and moments calculated in the
inertial system of coordinates.

1
x=—1D; =0 (78)
qdyn

The algorithm is presented in the following three steps:

1) We apply the MATLAB command dlinmod to each of the three
blocks to obtain C, D, D, and D, matrices.

2) Equations (77) and (78) are used to calculate the matrices Q,,
and Q...

3) The initial matrices calculated with the doublet lattice method
(DLM) or with the constant pressure method (CPM) calculated by
finite element software, are replaced with the matrices obtained with
our algorithm.

For validation purposes, the algorithm represents the numerical
implementation (shown in Sec. V) of analytical implementation

Table 2 Real part of Q.. and Q.. matrix (for angles)

Table 3 Imaginary part of Q.. matrix (for displacements)

').Ci ,)./i ZX
X -S- Cy, ~ 0 -S- (Cq,/ V)
Y 0 S- (C}'ﬁ/v,vo) 0
Z -5-Cu, 0 —5+ (Cun, Vo)
L 0 S-b-Cy/Veo 0
M S'E'Cmv 0 E'E'Cma/vx()
N 0 5.5-C, [V 0

Table 4 Imaginary part of Q.. and Q,. matrix (for angles)

¢ 6 V §
X —_S -Cy, -S-c,, i S-sinb, - Cy, 0
Y S-C,, 0 S+ (=C,, -sinfy + C,, - cosby) 0
Z jS : Clﬂ,, =S CLiftq ~ S-sin@, - CLiﬂ,, 0
L S§b-C 0 S-b-(=Cy -sinby+ C, -cosb) 0
M s.c.c, S-¢-C, -§-¢-C,, -sinf, 0
N §-b-C, 0 Sb-(=C,, -sinfy+C, -cosfy) 0

Table 5 Real part of Q.. matrix obtained by analytical linearization

Xy z X v z
x 0 0 O 0 —614.96 0
y 0 0 O —81.33 0 468.36
z 0 0 O 0 —1502.2 0
x 0 0 O —158.72 0 914.06
y 0 0 0 0 —731.29 0
z 0 0 O 367.85 0 —2118.3

Table 6 Real part of Q.. matrix obtained by numerical linearization

¢ 0 v 8
X 0 -5-c,, 0 N
Y §.C,,-sin 0 -5-¢,, s-c,
4 B 0 =S (_CLiftH - CLiﬂL,) B 0 =S CLift,;
L S-b-C,-sinb, 0 —=§-b-C, S-b-C,
M 0 §-2-(Cpy +Cu) 0 §-¢-C,,
N §-b-C,, -sinf, 0 -8-b-C,, S-b-C,

Xy Z X y z
x 0 0 —7.45E — 26 0 —614.96 0
y 0 0 0 —81.33 0 468.36
z 0 O —4.38E — 25 0 —1502.2 0
x 0 0 0 —158.72 0 914.06
y 0 0 —6.16E — 23 0 —731.29 0
z 0 0 0 367.85 0 —2118.3

Table 7 Imaginary part of Q.. matrix obtained by analytical

linearization
X y z X ¥ Z

x —0.04 0 —0.66 0.08 —-8.6 —0.013892
y 0 —0.50 0 2.16 0 99.091
z —0.08 0 —1.61 0.08 —800.16 —0.013892
X 0 —0.98 0 —5412.5 0 3948.3
y —=0.92 0 —0.78 1.3824 —15,977 —0.24005
b4 0 2.27 0 —704.62 0 —2809.5

Table 8 Imaginary part of Q.. matrix obtained by numerical

linearization
X y z X ¥ Z

x —0.04 0 —0.66 0.08 —8.6 —0.013892
y 0 —0.50 0 2.16 0 99.091
z —0.08 0 —1.61 0.08 —800.16 —0.013892
X 0 —0.98 0 —5412.5 0 3948.3
y =092 0 —0.78 1.3824 —15,977 —0.24005
Z 0 2.27 0 —704.62 0 —2809.5
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presented in Secs. II, III, and IV. A comparison between the obtained
values with the analytical formulation and the numerical formulation
presented here is given in Tables 5-8.

We can see that the obtained results are the same. The numerical
algorithm allowed us to obtain the same results for 90 flight test
conditions as the ones obtained analytically.

VI. Conclusions

In this paper, we used two approaches, analytical (Secs. I1, III, and
IV) and numerical (Sec. V), to validate the aerodynamic force
formulations corresponding to rigid-to-rigid and rigid-to-control
interaction modes for aeroservoelasticity studies: only from the
knowledge of the stability and control derivatives in the wind system
of coordinates. These derivatives were obtained at NASA DFRC for
90 flight test conditions for an F/A-18 aircraft represented by Mach
numbers, altitudes, and angles of attack.

The formulations (numerical and analytical) presented here can be
applied on another aircraft and, therefore, may use a different set of
stability and control derivatives. The numerical approach will likely
be much faster than the analytical one, due to the long time taken by
successive linearizations. The analytical approach may become more
useful in the future.

This approach, which was developed in Secs. 11, III, and IV, allows
us to obtain the analytical formulas for all the stability and control
derivatives in the inertial system from those calculated in the wind
system of coordinates. Linearizations at the trim condition are
performed at each calculation step.

The second approach consists of a numerical linearization of the
simulation scheme in the wind reference system of coordinates.
Values of stability and control derivatives obtained with this method
and those calculated analytically with the first method are the same.

Values of aerodynamic forces corresponding to rigid and control
modes are validated by use of both approaches (numerical and
analytical) for 90 flight test conditions.
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